The multiplication rules for the seven non-scalar Cctonion
basis units are best described by seven pernutations, any
of whi ch when conbined with the scalar basis unit forma
guat er ni on subal gebra.

I would like to use the short-hand notation (ijk) to inmply
the permutation basis unit nultiplication rules for i,j,k
not equal to each other and not equal to O

u * u = uk uj * uk = ui uk * ui = uj
u * ui = -uk uk * uj = -ui ui * uk = -uj
(ijk) == (jki) == (kij) equivalent cyclic pernutations

Each of the seven pernutations define six multiplication
table entries, so 42 of 64 positions of the QOctonion
multiplication table are covered by permutation rul es.

The variability in the set of possible Cctonion algebras is
entirely covered by the juxtaposition of units within the
seven permutations, since for any al gebra the remaining 22
basis unit products are singularly defined for all Cctonion
al gebras for i not 0 as

ui * ui = -u0
uO * ui = ui * ud0 = u
uo * u0 = uo

Each ui (i not 0) appears in three of the seven
permnutations. The nature of a pernutation triplet is such
that the pernutation multiplication rules above are negated
by the exchange in position of any two nenbers. Any second
exchange restores the pernutation to its origina
configuration.

The three negations of (ijk) are

(jik) exchange ij
(kji) exchange ik
(i kj) exchange jk

The equi val ent cyclic pernutations for the negation are
(Jik)y == (kji) == (ikj)

If we do not allow unit aliasing, we nust insist al
attenpts to nodify COctonion Algebra do not alter the
triplet of units in the set of pernutations. That is to say
if we started with (123) we do not end up with (124). W
will only allow the negation of one or nore permutations as
a possible change to the nultiplication rules. This wll

set the maxi mum nunber of different algebra definitions to
128. However, not all 128 of these noves result in valid
Cct oni on Al gebra.

For "/a" representing the conjugate of Cctonion "a" and for
"b" also Cctonion we nmust have



/la* (a*b)=(a*a *b

If we check this equality against the 128 possible rules,
we find only sixteen work, and therefore are valid QOctonion
rules. As will be shown, the sixteen fall into two sets of
eight | call "Left Octonion Al gebra" and "Ri ght Cctonion

Al gebra”. The menbers of each type are all algebraically

i sonmorphic, but Left is not algebraically isonorphic to

Ri ght.

| sonorphismis an overloaded termin mathematics. Perhaps
it would be hel pful to discuss what is neant by the phrase
"al gebraically isonmorphic". Two al gebras are isonorphic if
and only if their multiplication tables are equivalent.
"Equi val ent” does not nean identical. A row pair may be
exchanged foll owed by the exchange of same col unm pair,
changi ng the appearance of the table w thout changing the
product definition of any two basis units, the two tables
are "equival ent".

The distinction between "Left" and "Ri ght" Cctonion Al gebra
is clearly seen within the three pernmutations that include
any one of the seven basis units. Cyclically shift these
permut ati ons such that the comon basis unit is in the
central position. The three basis units on the right end of

these three pernmutations will be menbers of a fourth

pernmutation and those on the left end will not for "Right"
Cctonion Algebra. Simlarly, the three basis units on the
left end will be menbers of a fourth pernmutation and those

on the right end will not for "Left" Octonion Al gebra.

The partitioning between the three pernutations that

i ncl ude one of the basis units and the four that do not is
i nportant for understandi ng the permutati on negations that
map within or between Left and Ri ght Octonion Al gebra
types. To see this, let us exam ne the seven pernutations
assunming one is (ijk).

Wthin the three pernutations including basis unit ui
basis units uj and uk are only present in pernutation
(ijk). Now consider the four permutations that do not

contain ui. Two of four will include the basis unit uj and
not uk, the other two will include the basis unit uk and
not uj.

For instance, take (ijk) = (123) in the follow ng Ri ght
Cctoni on Al gebra

(312) has 1,2,3
(415) has 1
(617) has 1
(257) has 2
(264) has 2
(365) has 3
(374) has 3



If we negate the four pernutations that do not include ui
then negate the resultant pernutations that do not include
uj, the two pernutations that include uk but not ui or uj
will be negated twice therefore will remain unchanged. The
permutation (ijk) is not negated at all. The two

permnut ations that include ui but are not (ijk) are negated
once, and the two without ui or uk are al so negated once.
The net result is that for a defined permutation (ijKk),
negating the four pernutations that do not include u

foll owed by negating the four permutations that do not
include uj is equivalent to negating the four pernutations
that do not include uk. Clearly this my be repeated as
many times as one nmay like with the final result identica
to a single negation of all permutations that do not
include a single unit. If you have guessed the operation
of negating the four pernutations that do not include one
of the seven vector basis units is an al gebraic

i sonor phism you would be correct as will be shown.

Now | ook at negating the three pernutations that include
basis unit ui followed by negating the three pernutations
that include basis unit uj. The two permnutations that
include ui that are not (ijk) are negated once. (ijk) is
negated twi ce so renai ns unchanged. In the set of four
pernmutations that do not include ui, the two with uj and
not uk are negated once, and the two with uk and not uj
are not negated at all. The net result once again is for
defined perrmutation (ijk) negating the three pernutations
that include ui followed by negating the three pernutations
that include uj is equivalent to negating the four

permnut ations that do not include uk

To cl ose out double negations, lets do three/four. Oder
does not matter here. After negation of the three
pernutations that include ui, negate the four pernutations
that do not include uj. The two pernutations including ui
that are not (ijk) are negated twi ce so remai n unchanged.
The two permutations that include uj but not ui or uk are
not ever negated, and the two that include uk but not ui or
uj are negated once, and (ijk) is negated once. The net
result is that any four/wi thout and three/w th negation
conbi nation for ui and uj is equivalent to negating the
three permutations that include uk

If you have guessed the negation of the three pernutations
that include one of the seven basis units is not an

al gebrai c i somorphism you get a gold star. In fact, the
two negation schenes above are the ONLY schemes that will
result in a valid GCctonion Al gebra.

Any nenber of Left or Right Octonion Algebra is related to
one of the seven others of the sanme type by the negation of
all pernutations that do not include one of the seven basis
units, one to one. The Left/Right cross type negation
schenme for each of the sixteen to one of eight of the

other type is either the negation of all seven



per mut at i ons,

t hat
seven.

For those who | oat hed word probl ens,

or the negation of the three pernutations
i ncl ude one of the seven basis units;

exanples mght help to visualize this.

one to one of

some specific negation

ori gi nal not ul not u2

(123) (123) (123) unchanged, has u3
(761) (761) -> (671) changed, no u3
(572) -> (752) (752) changed, no u3
(653) -> (563) -> (653) unchanged, has u3
(541) (541) -> (451) changed, no u3
(642) -> (462) (462) changed, no u3
(743) -> (473) -> (743) unchanged, has u3
ori gi nal wth ul wth u2

(123) -> (213) -> (123 unchanged, has u3
(761) -> (671) (671) changed, no u3
(572) (572) -> (752) changed, no u3
(653) (653) (653) unchanged, has u3
(541) -> (451) (451) changed, no u3
(642) (642) -> (462) changed, no u3
(743) (743) (743) unchanged, has u3
ori gi nal wth ul not u2

(123) -> (213) (213) changed, has u3
(761) -> (671) -> (761) unchanged, no u3
(572) (572) (572) unchanged, no u3
(653) (653) -> (563) changed, has u3
(541) -> (451) -> (541) unchanged, no u3
(642) (642) (642) unchanged, no u3
(743) (743) -> (473) changed, has u3
ori gi nal not ul wth u2

(123) (123) -> (213) changed, has u3
(761) (761) (761) unchanged, no u3
(572) -> (752) -> (572) unchanged, no u3
(653) -> (563) (563) changed, has u3
(541) (541) (541) unchanged, no u3
(642) -> (462) -> (642) unchanged, no u3
(743) -> (473) (473) changed, has u3
Notice how the union of arrows on the top two and |ikew se

on the bottomtwo fills in all positions.

Lets finish up on the al gebraic isonorphismidea. Wrking
out the four specific exanples we just did, ny claimis
that the top two are al gebraic isonorphisns, and the bottom
two are not. The top two are equivalent to a single
negation of all permutations that do not contain u3. If we
gat her up the three unchanged pernutations with u3 central
pi ck any two permutations, exchange between the left two
units and exchange between the right two units, the three
are recovered:

Try exchanges 2 <-> 5, and 1 <-> 6



(231) -> (536)
(536) -> (231)
(437) -> (437)

Conti nui ng the sane exchanges on the remining four:

(671) -> (176)
(752) -> (725)
(451) -> (426)
(462) -> (415)

These exchanges have restored the original pernutation set.
Exchanges carried out consistently on all seven
permut ati ons are nothing nore than a consistent renam ng of
the units, so the difference between the two
representations is basis unit nam ng convention only. The
al gebras are indeed i sonorphic.

Now for the proposed non al gebraic isonorphisns. Again,
grab the three pernmutations containing u3, with u3 central

original fina

(231) (132)
(536) (635)
(437) (734)

Grab another three pernutations with some other unit in
common, say usS:

original fina

(257) (257)
(653) (356)
(154) (154)

For the u3 conmon triples, 1, 6 and 7 renmi ned on a comon
side, yet the side switched as required for the nove from
Right to Left Octonion Al gebra. For the u5 common triples,
the side for another pernutati on changed as expected, again
fromRi ght to Left, but the permutation changed from

(734) to (231).

It mght be sufficient to some to already see that the
consi stent side swap for one of the other pernutations
resulting froma change between Ri ght and Left Cctonion
Al gebras woul d unlikely be remapped back to the original
side by a consistent nanme exchange for any conbi nation of
units. If nore is needed, lets try the unit exchange

nmet hod.

For u3 common, the exchange map back by unit nane exchange
is 2<->1, 5<>6, and 4 <> 7. Carrying this out on the
remai ni ng four pernutations:

(761) -> (452)
(572) -> (641)
(541) -> (672)



(642) -> (571)

For the u5 common, the exchange map back is sinply
3 <-> 6. Carrying this out on the remaining four
per mut at i ons:

(213) -> (216)
(761) -> (731)
(642) -> (342)
(473) -> (476)

In both cases, the renaining four pernutati ons exchange to
new triplets not found in the original. The unit exchange

mechani sm fails. The algebra formed by negating the three

permut ati ons whi ch include any single unit is not

i somorphic to the original algebra.

The three permutations that include one of the basis units
can always be used to determine the unit nam ng map between
any other isonorphic representation, even those with quite
different triplet choices. There are many different

mappi hgs between any two. Take for instance the al gebra
created by starting with (124) and addi ng one nodulo 8
omitting O to each unit to formthe pernutation set

(124)
(235)
(346)
(457)
(561)
(672)
(713)

First, identify if this is Right or Left Octonion by
exam ning the three permutati ons that include your choice
of unit nunmber. | will pick u2. Arrangi ng we have

(124)
(523)
(726)

Units u4, u3 and u6 are menbers of one of our seven
permut ati ons so we have Right Cctonion Al gebra. Notice none
of the triplets match any of those in the R ght al gebra at
the top of this discussion. If we grab any arbitrary unit
inthe first algebra, say unit ul, then place the three
permutations including ul in arbitrary order we have a one
to one mappi ng between these two representations of R ght
COct oni on Al gebra.

(617) <-> (124)
(312) <-> (523)
(415) <-> (726)

This is equivalent to

6 <->1
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Performng the left to right map on our original algebra

(123) -> (235)
(761) -> (412)
(572) -> (643) -> (346)
(653) -> (165) -> (561)
(541) -> (672)
(642) -> (173) -> (713)
(743) -> (475) -> (457)

The second change is the isonorphic map negating al
pernutations that do not include u2. This gets us to the
second form of Ri ght al gebra.

It will be quite worthwhile to |look closely at the

i sonor phi c negation schenme. There are two triplets of units
assignable to every vector basis unit. One triplet is a
permnutation and one is not. For instance, take unit u4 and
arrange the seven Right al gebra pernutations as foll ows

(123) (761) (541)
(572) (642)
(653) (743)

(123) is the "fourth" permnutati on associated with basis
unit u4. u5, u6 and u7 are the non perrnutation basis units
associated with basis unit u4. The three permnutations that

i nclude u4 give the one:one connections ul:u5, u2:u6 and
u3: u7. Now nmake an associ ati on between these two triplets
and our famliar rectangular physical x, y and z as foll ows

{xyz} : {123} : {567}

Permutation (123) covers {xyz} with a closed set rule for
mul tiplication. {567} covers {xyz} with an open set rule

for multiplication requiring three pernutations that each
i nclude one unit of (123). Notice that (123) is an {xyz}

right hand rule and {567} is an {xyz} left hand rule.

When the four permutations that do not include u4 are
negated in the Cctonion al gebraic isomorphism the {xyz}
opposite hand rel ationship is preserved with (123) and
{567} both changing. This is the case for both Ri ght and
Left Octonion Al gebras. The unit exchange schene that above
was successful in recovering the original pernutation unit
orders above will be {5 <->6 and 1 <-> 2}, or {5 <-> 7 and
1 <->3} or {6 <->7 and 2 <-> 3} here with unit u4 instead
of u3 used in the above exanple. Any of these exchanges can
be seen to be an {xyz} hand rule change for both (123) and
{567} if the {xyz} connection to both remains fixed. This



ef fectively undoing the negation of the four pernutations
that do not include u4 through renaning

The variability in {xyz} handedness is non-confrontationa
to the concept of Cctonion al gebraic isonorphism The
variability only arises when an extra-al gebraic connection
is fixed between al gebraic units and non-al gebraic {xyz}.
These geonetric assignnents are of no fundanental concern
to the algebra itself, even though we will need to nmake an
association in order to apply Cctonion Al gebra to physica
reality.

In conclusion on the subject of the full cover of the
definition of Cctonion Al gebra, there are sixteen different
juxtapositions of units within the seven pernutations
central to the definition of the algebra. The set of
sixteen is actually two sets of eight, defining eight Left
Cctoni on Al gebras, and eight Ri ght Cctonion Al gebras. All
eight in each type are isonorphic al gebras. However, Left
Octonion Algebra is not isonorphic to Right Octonion

Al gebr a.

The negation of the four permutations that do not include
one of the Cctonion basis units is an isonorphism of

al gebras. The negation of the three pernutations that do
i ncl ude one of the Octonion basis units is not an

i sonor phi sm of al gebras.

The only valid pernutation negation schenmes are the
negation of all three pernutations that include one of the
Octonion basis units, the negation of all four pernutations
that do not include one of the Cctonion basis units, or

mul tipl e combinati ons of these two. Any other schenme wll
not produce a valid Cctonion Al gebra. Al conbinations of
valid negations will produce a representation found in the
group of sixteen.

This |l ast paragraph is extrenely inportant to di scussions
to come when | will discuss the concept of algebraic
i nvari ance and vari ance.

VWhat follows is an item zation of the 16 different

pernut ation configurations for Left and R ght Cctonion

Al gebra. Taking colum 0 as the prototype, colum n not O
of the sane type is colum 0 changed by negating the
permutations that do not include basis unit n. The map
bet ween types is sanme col umm negation of the pernutations
that include the basis unit u4.

Left O Al gebra

Col umn 0 1 2 3 4 5 6 7
(123) (123) (123) (123) (321) (321) (321) (321)
(761) (761) (167) (167) (167) (167) (761) (761)
(572) (275) (572) (275) (275) (572) (275) (572)
(653) (356) (356) (653) (356) (653) (653) (356)
(145) (145) (541) (541) (145) (145) (541) (541)



(246) (642) (246) (642) (246) (642) (246) (642)
(347) (743) (743) (347) (347) (743) (743) (347)

Ri ght O Al gebra

Col urm 0 1 2 3 4 5 6 7
(123) (123) (123) (123) (321) (321) (321) (321)
(761) (761) (167) (167) (167) (167) (761) (761)
(572) (275) (572) (275) (275) (572) (275) (572)
(653) (356) (356) (653) (356) (653) (653) (356)
(541) (541) (145) (145) (541) (541) (145) (145)
(642) (246) (642) (246) (642) (246) (642) (246)
(743) (347) (347) (743) (743) (347) (347) (743)
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