16 Octonion Algebras— 30 Aliases — 480 Representations

The multiplication rules for Octonion Algebrabasis elements define the bilinear

operation e*e; = +/-g for al r,s. For al possible Octonion Algebras and all basis set
representations, scalar multiplication (r and/or s zero) as well asal productswherer =s
are singularly defined. Variation between the algebras is only possible within the rule sets
wherer,sand t are not zero and are not equal.

These rule sets are succinctly represented by a set of seven cyclic permutation triplets.
For asinglevaid set of seven triplets, variationsin the order of basis elements within the
seven permutations and hence the algebra’ s multiplication rules, must preserve both the
normed and alternative algebra properties. Either will restrict things to the same sixteen
possibilities. | have covered this at length already B4,

The focus of this paper is to explore the number of different sets of seven basis element
triplets possible without consideration on the multiplication rules by which particular
Octonion Algebras are defined. The triplets will only represent seven sets of three basis
elements

There are rules each possible seven triplet set must abide by in order to cover al
multiplications wherer, s and t above are unequal and non-zero.

(1) Each non-scalar basis element appearsindividualy in three separate triplets.
(2) Each non-scalar basis element appears only once in atriplet with each of the other
non-scalar basis elements.

Enumerate the basis elements as g, g, s . €4 & &, €. By (1) and (2), all possible choices
of seven triplets will include the following partial assignments:

{-ereg}
{--&}
{--&}

We may freely choose the single unassigned basis element in the first triplet from one of
the five remaining non-scalar basis elements. This starts our count of representations at
five. For demonstration purposes, | will choose e.. Next examine the possibilities for the
four unassigned basis el ements in the triplets

By (1) and (2) above, thereare only three choices, they are

{eaeo '} {eaa: '} {ea&i '}
{eces -} {eves -} {eve -}
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The count of possible representationsis now partially 5*3 = 15. Again | will pick one of
the three for demonstration purposes:

{eea‘ej}
{e.e &}
{ecesgy}

Now e: and & appear only in asingle triplet. By (1) above, each must appear in atotal of
three, and since they aready appear together, by (2) the two additional triplets for each
must not include the other, so both appear twice in the remaining four triplets to assign.
We may then specify additively the form the remaining four triplets must take:

{eeer gy}
{eam ey}
{ecese}
{- - &}
{' 'ee}
{- - e}
{- - &}

Here, basis elementse. e ey are fully committed so can’t appear again, and basis
elementse, g, e. e; must each appear twice in the eight uncommitted positions. The six
possible pairings of these four basis elements must be restricted to four due to the two
pairings already used in the second and third triplet. The four pairings will then be:
{ewe -} {evey-}

{eaec'} {eaed '}

By (2), there are only two ways these may be applied to our uncommitted positions:

{eeareg} {ecagl
{ean gy} {ead gy}
{ecesgg}l {eceney}
{eac &} {eac &}
{ eay e} {eaes &}
{evee} {eeea}
{evese} {epeyet}

We are done with all possibilities, and the number has been shown to be 5*3*2 = 30.

There is nothing of an algebraic defining nature between any of these thirty choices. They
are simply different mappings of arbitrary basis e ement names to triplets. Any one will
do for starting the definition of all sixteen Octonion Algebras, and al others are ssimply
aliases. Together, they yield 16* 30 = 480 Representations. | have provided all thirty
aliasesin what follows.
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The Thirty Alias Representations

{eeer gy}
{eam ey}
{ecese}
{eece}
{ees &}
{evec e}
{eveye}

{eqe gy}
{e.8 &}
{ece- gy}
{eaec &}
{e.ece}
{evec&}
{epeeq}

{ece‘ag}
{e& &}
{eqeey}
{ esey &}
{eac &}
{erene}
{eveec}

{epe g}
{eaec gy}
{edeeq}
{e.&s &}
{e.ec6}
{eceqa}
{eceeen}

{e.e gy}
{ere g}
{eqeeq}
{evenen}
{epecer}
{eceya}
{ecee}

{eeer gy}
{eam ey}
{ecese}
{eec &}
{e.ey &}
{eve e}
{evene}

{eqe gy}
{e.8 &}
{ece- gy}
{eaec &}
{e.e €6}
{ere &}
{epeer}

{ece ey}
{e.8 &}
{eqeey}
{eey &}
{eae e}
{eveye}
{epeer}

{epe g}
{eaec gy}
{edeeq}
{e.eye&}
{eeey}
{ecey&}
{eceee}

{e.e gy}
{ere g}
{eqeeq}
{evene}
{eveea}
{eceyel
{eee}

{eeer ey}
{eaec gy}
{epesgy}
{e.s &}
{ees &}
{eca &}
{ecese}

{eqe gy}
{ee g}
{epeeg}
{eam &y}
{e.ece}
{ecn &}
{ece ey}

{ece‘ag}
{e.& g}
{epecey}
{e.d &}
{eac &}
{enene}
{eseec}

{ere g}
{ eatn &y}
{ec%ag}
{e.ec e}
{e.ec6}
{eqec &}
{edecen}

{e.e gy}
{epesgy}
{ece g}
{eve e}
{epecer}
{eqec &}
{ejeea}
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{eeer ey}
{eaec gy}
{epesgy}
{ea& &}
{e.ey &}
{ece e}
{ecas &}

{eqe gy}
{ee g}
{ereeg}
{eam &}
{e.e €6}
{ece e}
{ecece}

{ece ey}
{ ey}
{epecey}
{ea &}
{eae e}
{eseve}
{eqeer}

{epe g}
{eaed eg}
{ec%ag}
{e.ece}
{ee e}
{ese &}
{eseer}

{e.e gy}
{epesgy}
{ece g}
{evec e}
{eveea}
{esec e}
{eqeer}

{eeer ey}
{eaen ey}
{eve g}
{e.s &}
{eec&}
{eaeve}
{edec e}

{eqe gy}
{ee g}
{eve- ey}
{eam &y}
{e.ece}
{ecener}
{ece ey}

{ece ey}
{ e gy}
{evesgy}
{e.d &}
{eaes &}
{eeamer}
{eceqect

{epe g}
{eaec gy}
{ecai QJ}
{eec e}
{e.ey&}
{eece}
{ecesen}

{e.e gy}
{epeey}
{eceyey}
{eve e}
{evene}
{eece}
{eceyeal

{eeer ey}
{eaen ey}
{eve g}
{ea& &}
{eiec e}
{eave}
{edec &}

{eqe gy}
{ee g}
{eve- ey}
{eam &}
{e.ec €}
{eeeneq}
{eece}

{ecer g}
{ e g}
{evesgy}
{e. &}
{ean e}
{eemec}
{e.eq€r}

{epe g}
{eaeeeg}
{ecai QJ}
{e.ece}
{eaes &}
{ece e}
{eceser}

{e.e g}
{epeey}
{eceyey}
{evec e}
{evenen}
{ecec e}
{eceyer}
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One tidbit of perhapsinteresting, maybe expected information on these thirty choicesis
the following.

Pick any representation and any two basis elements within. Exchange their positions
within the triplets. Y ou will find the new set of seven triplets at another position.

References

[1] (2008) R. Lockyer, “Octonion Algebra and its Connection to Physics’
http://www.octospace.com/files/Octonion_Algebra and its Connection to Physics.pdf

[2] sci.physics post, R. Lockyer, “Why Octonions 2: A Full Description of the Algebra’

http://groups.google.com/group/sci.physics/browse thread/thread/8e026683e7eb1149/53¢1e9e00f4d5fel?q
August 8, 2008

[3] (2010) R. Lockyer, “Hadamard Matrix Connection to Octonion Algebras’
http://www.octospace.com/files/Hadamard_Matrix_Connection_to_Octonion_Algebra.pdf

[4] (2010) R. Lockyer Quatermon Doubllng for nght and Left Octonlon Algebra

© Richard Lockyer November 10, 2010 Page4 of 4


http://www.octospace.com/files/Octonion_Algebra_and_its_Connection_to_Physics.pdf
http://groups.google.com/group/sci.physics/browse_thread/thread/8e026683e7eb1149/53c1e9e00f4d5fe1?q
http://www.octospace.com/files/Hadamard_Matrix_Connection_to_Octonion_Algebra.pdf
http://www.octospace.com/files/Quaternion_Doubling_for_all_Octonion_Algebras.pdf

